The rank-k-numerical range of an n × n matrix A is defined as Λ k (A) = {λ ∈ C : PAP = λP for some rank k orthogonal projection P}. This study presents a method to generate the boundary of Λ k (A), and examines the flat portions of the boundary of the rank-k-numerical range of a matrix associated with a roulette curve. A sufficient condition is given to ensure that the rank-k-numerical range is not attainable by a classical numerical range.
Introduction
Let M n be the algebra of n × n complex matrices. The (classical) numerical range of A ∈ M n is defined as
It is well known the range W (A) is a convex set. There are many generalizations of the numerical range motivated by pure and applied areas (cf. [7] ). Consider the two following generalizations. Westwick [13] showed the convexity of the range W c (A). When c = (1, 0, . . . , 0), W c (A) becomes the numerical range W (A). Choi-Kribs-Życzkowski in [4, 5] recently introduced the rank-k-numerical range in connection with the study of quantum error corrections. For a positive integer k, the rank-knumerical range of A is defined as Λ k (A) = {λ ∈ C : PAP = λP for some rank k orthogonal projection P}.
The range Λ k (A) may be empty (cf. [9] ) Woerderman [14] This study deals with the boundary of the rank-k-numerical range of a matrix. In Section 2, we present a method to generate the boundary of the rank-k-numerical range by examining its sharp points and flat portions. In Section 3, we find the number of flat portions of the rank-k-numerical range of a matrix associated with a roulette curve. In Section 4, we obtain a sufficient condition, ∂Λ k (A) has sharp points and the associated form F A (t, x, y) is irreducible, to ensure that the rank-k-numerical range is not attainable by a classical numerical range.
Boundary generating method
A homogeneous form associated with an n × n matrix A is defined by
The form F A (t, x, y) plays an important role in studying numerical ranges (cf. [8] , see also its English translation [15] ). This form also gives an efficient way to study the convex set Λ k (A) for a positive integer k. It is shown in [10] that for any matrix A,
where λ 1 (X) · · · λ n (X) denote the eigenvalues of a Hermitian matrix X ∈ M n . In case 2k n, the expression (2.1) implies that
In case n is even, the range Λ k+(n/2) (A) is non-empty if and only if Λ 1−k+(n/2) (A) is a singleton, k = 1, 2, . . . , n/2. The characterization (2.1) proposes a method to describe the boundary of Λ k (A) based on the algebraic curve F A (t, x, y) = 0. Using the equation 
Proof. By assumption, the set D k (A) defined by (1.1) is a compact convex set in the Euclidean plane, and λ k ( (e −iθ A)) = 0 for every 0 θ 2π . Eq. (2.2) shows that
The identity (2.1) and the separation theorem for compact convex sets imply that We propose a method to generate the boundary of Λ k (A) via symbolic calculations and analysis of singularities of the associated curve. Since a boundary point of Λ k (A) lies on the G A (1, x, y) = 0 or its multi-tangents, the construction of the form G A (1, x, y) from the ternary form F A (1, x, y) is fundamental. In case A is normal, the form F A is given as
If A is a non-normal matrix, the form F A may have a linear factor t + ax + by. In this case (a, b) is a point in W (A).
Assume that F A is irreducible and of degree 2. Let Xx + Yy + 1 = 0 be a generic tangent of the affine curve F A (1, x, y) 
If a straight line
. The polynomial G A (1, X, Y ) is obtained as a factor of φ(X, Y ). Notice that the form Y n(n−1) is also a factor of φ(X, Y ). Let H(x, X, Y ) = c n (X, Y )x n + · · · + c 1 (X, Y )x + c 0 (X, Y ).
Then the form c n (X, Y ) is a factor of φ(X, Y ). Suppose that
If the curve F A (t, x, y) = 0 has no singular points, then the dual curve of F A (t, x, y) = 0 has order n(n − 1) and is defined bỹ
Even if the curve F A (t, x, y) = 0 has some singular points, the order ofφ(X, Y ) is also n(n − 1), and
corresponds to singular points of the curve 
Then the distinct lines (1, 0, 0) , and it is known that there exists a matrix B satisfying
Replacing F A by a multiplicity-free factor F 1 of F A , we may assume that singular points of the curve Then
The curve F A (1, x, y) = 0 is symmetric with respect to lines x = 0, y = 0 and y = ±x. This curve has no singular points, and has 4 real bitangents. Fig. 1 displays the real part of F A (1, x, y) = 0 and one of its bitangent parallel to the imaginary axis. Its approximate equation is given by x = 1.14159. Fig. 2 shows the boundary generating curve of W (A). The boundary of Λ 2 (A) is the inner curve in Fig. 2 by removing the four "fish-tales." The boundary curve has four sharp points.
We consider a more complicated situation where multi-tangents of (1, x, y) = 0 is parametrized as
Modifying the matrix T(2m, H), a (2m) × (2m) matrix is defined by
where H = a 1/(2m−1) . It is shown in [1] that the roulette curve (3.1) is realized as the algebraic curve F A (1, x, y) = 0 of the form F A (t, x, y) associated with the matrix A given in (3.2). In other words,
The following theorem examines the number of flat portions of the rank-k-numerical range of the matrix given in (3.2).
Theorem 2.
Let A be the 2m × 2m matrix defined in (3.2) associated with the roulette curve (3.1), m 2.
Then the sum of numbers of flat portions of the boundary of
and the orbit of the roulette curve z(s) is the algebraic curve F A (1, x, y) = 0 (cf. [1] ). Since (Arg z) (s) > 0 for 0 s < 2π , the ordered eigenvalues satisfy
The complex valued function z(s) on the real line R has a minimal period 2π , and its modulus (a 2 + 1 + 2a cos((2m − 1)s)) 1/2 has a period 2π/(2m − 1). We denote its maximum a + 1 by r 0 and its minimum a − 1 by r m . The function Arg(z(s)) is strictly increasing on [0, π/(2m − 1) and satisfies
Changing the variable z(s) = z 0 (Arg(z(s))), 0 s 2π , and setting
the function z(s) satisfies the following symmetries
Then the function |z 0 (θ )| is increasing on the following intervals
We treat the intervals modulo 2π . Such an interval is disjoint from [0, mπ/(2m − 1)] except the endpoints or it is of the form Proof. The assertion of the theorem follows from the fact that a real multi-bitangent of G A (1, x, y) = 0 corresponds to a real multiple point of F A (1, x, y) = 0, and the number of real multiple points of an irreducible curve F A (1, x, y) = 0 is less than or equal to (2m − 1)(m − 1) (cf. [12] ).
Reduction
The relationship between generalized numerical ranges and classical numerical ranges is an interesting subject. Previous research [2] shows that for any n × n complex matrix A and real n-tuple c, the c-numerical range of A can be reduced to the (classical) numerical range. In other words, there exists a complex matrix B of size where m 1 , m 2 , . . . , m k are multiplicities of distinct coordinates of c. However, this reduction property fails for rank-k-numerical ranges. Applying Anderson's theorem (cf. [11] ), that the numerical range of an n × n matrix contained in a closed unit disc and intersected at least n + 1 points of the unit circle is the closed unit disc, we give an example to illustrate that there exists an n × n matrix A and a positive integer k so that Λ k (A) cannot be reduced to the classical numerical range. We compute that, for −π/4 θ π/4,
For π/4 θ 3π/4, we obtain that
Then, for k = 2, we have 
